Abstract. We prove that Hecke operators act with equidistribution on the basic stratum of certain Shimura varieties. We relate the rate of convergence to the bounds from the Ramanujan conjecture of certain cuspidal automorphic representations on GLn for which this conjecture is known, and therefore we obtain optimal estimates on the rate of convergence.
Introduction
Let (G, X) be a Shimura datum. In particular, G is a reductive group over Q, and X is a Hermitian symmetric domain. Let Γ ⊂ G(R) be a torsion-free congruence subgroup and let S be the quotient Γ\X. Let {T m } (m ∈ N) be a sequence of Hecke operators of G, then the operators T m act on the space S. Equidistribution means roughly that the images of points x ∈ S spread out equally over S under the action of the sequence of operators {T m }.
Let us make this more precise. The space S is of finite volume with respect to its Haar measure dµ. The group G(R) acts by multiplications on the right on S, and by translations on the space L 2 (S) of square integrable complex valued functions on S. This way L 2 (S) is a representation of G(R), and carries an action of the Hecke operators. Now, equidistribution is true for the quadruple (G, X, Γ, {T m }), if, for all f ∈ L 2 (S), the pointwise limit
converges to the constant function on S whose value is equal to the integral
A typical example is the case where G = GL 2 , X is the complex upper half plane, and S a modular curve, say S = Y 1 (N ) where N ∈ N with N ≥ 4. On Y 1 (N ) we have the classical operators T m from the theory of modular forms [12] . In [9, §2, p. 197] is shown that equidistribution is true for (GL 2 , X, Γ 1 (N ), {T m }).
When equidistribution is established, the next step is to give bounds on the rate of convergence of the limit in Eq. (0.1). Optimal bounds require precise knowledge on the shape of the discrete spectrum of reductive groups (Arthur's conjectures) and the Ramanujan conjecture for cuspidal automorphic representations of GL n . Unfortunately, these conjectures are currently proved only in certain restricted -but significant -cases. Thus, most known bounds are only approximations of the expected rate of convergence.
More generally, equidistribution has been studied for other quotients of real reductive groups, which are not Shimura varieties. For example, one might consider the group G = GL n for n ≥ 3 and put X := PGL n (Z)\PGL n (R). On the group GL n one has Hecke operators T r,m analogous to the T m for GL 2 . For a definition see Equation (5.1) in the text although there we write T + r,m for them and we work with the closely related group GL 1 × GL n . In [9, Thm 1.2] Clozel and Ullmo show that equidistribution is true in this setting for GL n and the operators T r,m . In [10] quotients Γ\G(R) of more general classes of real reductive groups are considered.
In this article we take equidistribution to a different direction: We study equidistribution in characteristic p. Let us return from the more and more general quotients Γ\G(R) to the case where S is a Shimura variety. Then, apart from being a complex analytical object, S has the natural structure of a smooth quasi-projective variety (Baily-Borel) and is canonically defined over a certain number field E called the reflex field of S (Shimura) [11] . To simplify, let us restrict henceforward to the case where S is a Shimura variety of PEL type; this means that S parametrizes Abelian varieties with additional PEL structures (Polarization, Endomorphisms, Level structures). Let p be a prime of E where S has good reduction; this means in particular that the PEL type moduli problem extends to a problem over O Ep , and that this extended problem is representable by a smooth and quasi-projective scheme S/O Ep [20, §5] . Write p for the rational prime number below p and write S p := S ⊗ F q , where F q is the residue field of p. One may wonder if equidistribution also holds in the mod p variety S p in a suitable sense (to give meaning to "in a suitable sense" is part of the question). The initial idea is to find a definition of a measure µ on the set S p (F q ), and prove that for complex valued functions f on S p (F q ), the limit in Equation (0.1) converges to an integral with respect to µ. However, this idea is far too naive: The special fibre S p has several stratifications, and any correct statement of equidistribution has to take these stratifications into account. For us the most important stratification on S p is the Newton stratification [29, §7] . By definition, the Newton strata of S p are the loci in S p where the isogeny class of the p-divisible group A x [p ∞ ] with additional PELstructures is constant. Here, A x is the Abelian variety with PEL structures corresponding to the point x ∈ S p (F q ). The Newton stratification of S p is a canonical decomposition of S p into a finite union of locally closed subvarieties, and these subvarieties are stable under the action of the Hecke correspondences. Consequently, any point lying in one of those strata will stay inside this stratum under the action of all Hecke operators. Thus one does not expect the points modulo p to spread out equally over S p , whatever 'spread out' should mean here. In particular, the initial idea we sketched above is false.
One could refine the equidistribution question, and ask: "Is there then equidistribution inside the individual Newton strata?" The answer to this question is "no" again in general, because the Newton strata can often be refined further, and these further refinements are also stable under the Hecke operators (outside p). However, we show in this article that there are a large number of interesting cases where equidistribution is true inside the basic Newton
There exists a constant C ∈ R >0 such that for any ε > 0 there exists an integer M such that for all m > M , coprime to N p, we have
In particular the sequence T m (f )/ deg(T m ) converges to the average function Avg(f ). The result in Equation (0.3) is due to Menares [26] . He stated the corresponding result for the basic stratum of the algebraic stack Y 1 (1) of elliptic curves with no additional structures, but the proof is the same. In fact, we learned the idea of studying equidistribution in supersingular Hecke orbits of more general Shimura varieties from Menares's article. Let us now give the statement of our results. We consider a Shimura variety of PEL-type, of type A, as considered by Kottwitz in [20] . We assume fixed a PEL-datum consisting of: A simple algebra T over a CM field F ; a positive involution on the algebra T inducing complex conjugation on F ; a Hermitian T -module (V, ·, · ), where ·, · is symplectic; a morphism h : C → End T (V ) R of R-algebras such that h(z) = h(z) * for all z ∈ C, and the symmetric bilinear form V R ⊗ V R → R, (x, y) → (x, h(i)y) is positive definite. Let G/Q be the algebraic group such that for every Q-algebra R the group G(R) consists of the elements g ∈ GL(V ⊗R) respecting the pairing ·, · up to a scalar. We restrict h to C × ⊂ C, and write X for the G(R)-conjugacy class of the morphism h −1 ; then (G, X) is a Shimura datum. We assume 1 We also treat cases where the unitary group U ⊂ G arises from restriction of scalars of a totally real extension F + over Q. Then, in particular U splits over a certain CM extension F of Q. See Section 6 for the complete list of conditions.
that the CM field F is of the form KF + , with K/Q a quadratic imaginary extension of Q and F a totally real extension of Q. We let p be a prime of good reduction in the sense of Kottwitz [20, §5] and we assume that p splits in 
there is one unique basic isocrystal, and the locus in S p corresponding to this isocrystal is the basic stratum B ⊂ S p . We work in this article under the condition that B is finite. This translates to an explicit condition on the signatures of the unitary group of similitudes G R ; the only allowed signatures are 0 and 1, and the prime p has to decompose in a certain way in the field F + (see Proposition 7.1 for the precise statement). In future work we hope to say more about the non-finite cases.
Write A for the free complex vector space on the set B(F q ). In the text we define an endomorphism Avg of A, in the same spirit as above for the modular curve, however its definition is slightly more involved because it has to take into account contribution from the center of G and the different components of the Shimura variety (see below Equation (3.4)). Let T m be a sequence of Hecke operators on G(A f ), satisfying two mild conditions (H1), (H2) (see Section 2) . Each Hecke operator T m defines a Hecke operator Ψ(T m ) on the cocenter of the group G (see Equation 3.3). To each operator T m we attach a certain norm N (T m ) which is the sum of the absolute values of the coefficients appearing in the Satake transform of T m (see Section 2). We prove:
Theorem 0.1. Let v ∈ A be an element. There exists a constant C ∈ R >0 such that for any ε > 0 there exist a natural number M such that for all m > M we have
This means that if the sequence T m is such that lim m→∞ N (Tm) deg(Tm) = 0, then the sequence T m acts with equidistribution (this is called condition (H3) in the text below). We expect this to be the optimal result, in the sense that, if the condition (H3) is not satisfied, then equidistribution is false for the sequence T m .
In Section 5 we give a typical example of sequence T m to which the above theorem applies. In the beginning of the introduction we mentioned the sequence of Hecke operators T r,m for GL n for which Clozel and Ullmo prove equidistribution in the classical setting. Over the extension K/Q our group G becomes isomorphic to a general linear group (times a G m -factor) and we can define T r,m (for G) as the Hecke operator that is obtained from T r,m on G K via base change from K to Q (see Equation (5.2)). We then have Corollary 0.2. Let v ∈ A be an element. Then there exists a constant C ∈ R >0 such that for any ε > 0 there exist an index M , such that for all square-free integers m > M and all r with 1 ≤ r ≤ n − 1 we have
How does one prove such analytical statements about varieties in characteristic p? The starting point is the formula of Kottwitz for the number of points on a Shimura variety of PEL type over a finite field (see the introduction of [20] ). Originally this formula is used to connect the cohomology of Shimura varieties with the theory of automorphic forms. Nowadays, that problem may be understood as the one of describing the ℓ-adic cohomology of Shimura varieties as Hecke/Galois modules. In our work we restrict the formula of Kottwitz so that it counts only the contribution of the basic stratum. The resulting restricted formula can still be stabilized as in [18] , and the resulting stable formula can be compared with the geometric side of the trace formula. This yields a description of the ℓ-adic cohomology of the basic stratum in terms of automorphic representations of the group G, or in endoscopic situations, automorphic representations of the endoscopic groups of G. In the article [21] we carried out this program for certain simple Shimura varieties, the "Kottwitz varieties". In the cases where the basic stratum B ⊂ S p is finite we get a description of the free complex vector space on the set B(F q ) as Galois/Hecke module, in terms of automorphic representations of the group G (we give the statement in Equation (1.1)). The automorphic description of the Hecke module Map(B(F q ), C) then gives the necessary analytical input to prove equidistribution. * Let us now discuss the structure of this article. The article is roughly cut into two parts. Part 1 spans Sections 1 to 4, in Section 5 we give an example, and Part 2 spans from Sections 6 to 8. In Part 1 we show that equidistribution is true in the basic stratum in case the Shimura variety S is assumed on top of the above conditions, to be a Kottwitz variety as considered in [19, §1] . The Kottwitz varieties S are considerably more simple, for instance these varieties are projective and issues with endoscopy do not play a role. This greatly simplifies the trace formula for the group G. Section 4 contains the proof for equidistribution; we use our automorphic description of the cohomology of B from [21, Thm 3.13] to prove equidistribution. In Part 2 we attack the problem of equidistribution for varieties which need not be projective and the group has endoscopy. Before we can establish equidistribution in this case, we need to work more. First we need to extend some results of the article [21] to the current, larger classes of endoscopic Shimura varieties. In Section 6 we extend the automorphic description of the cohomology of the basic stratum from [loc. cit., Thm. 3.13] to a suitable statement valid for a substantially larger class of non-compact endoscopic varieties. We require, roughly, that of one the signatures of the unitary group is coprime with n (Hypothesis 6.1). We verify that this condition is always satisfied in case the basic stratum is finite. The assumption forces the endoscopic contribution to the cohomology of the basic stratum to vanish (Lemma 6.4). Such results could be of independent interest (see also the statements of Theorem 6.2 and Proposition 7.1). Finally, in Section 7 we deduce the equidistribution statement for the endoscopic varieties.
Some simple Shimura varieties
In the first part of this article we focus on the Shimura varieties as considered by Kottwitz [19] . These varieties are associated to a division algebra D whose center is a CM field F . The algebra D is equipped with an involution * of the second kind, i.e. * induces complex conjugation on F . We embed F into the complex numbers, and we assume the field F splits into a compositum F = KF + of a quadratic imaginary number field K ⊂ C and a totally real number field F + . For any commutative Q-algebra R, the group G(R) is by definition the group of elements g ∈ (D ⊗ Q R) × such that gg * ∈ R × . The couple (G, X) is then a Shimura datum of PEL type. If K ⊂ G(A f ) is a compact open subgroup, sufficiently small, then we have a variety S = S K defined over the reflex field E, the variety S represents a moduli problem of PEL type, see [20, §5] . Let p be an E-prime where the variety S has good reduction in the sense defined by Kottwitz [20, §5] . In particular S extends to a smooth projective O Ep -scheme. We write F q for the residue field of E at p, and we put S p := S ⊗ F q . Let p be the rational prime number under p. We fix an embedding ν p : E → Q p compatible with p. Throughout this article we assume that the prime number p is split in the field K.
We now define the basic locus B of S p . We introduce the following notations:
• write A univ for the universal Abelian variety over S and λ, i, η for its additional PEL type structures [20, §6] ; • L is the completion of the maximal unramified extension of Q p contained in Q p ;
• for α > 0 positive integer, write E p,α ⊂ Q ℓ for the unramified extension of degree α of E p , and write F q α for the residue field of E p,α ; • σ is the arithmetic Frobenius of L/Q p ;
• V is the D opp -module with space D where an element d ∈ D opp acts on the left through multiplication on the right on the space D.
Let x ∈ S(F q ) be a point. The couple (λ, i) defined on the fibre A univ [20, p. 430] , and via this isomorphism we can send the crystalline Frobenius on D(A K,x ) L to a σ-linear operator acting on V L . This operator on V ⊗ L may be written in the form δ · (id V ⊗σ) with δ ∈ G(L) independent of ϕ up to σ-conjugacy. Let B(G Qp ) be the set of all σ-conjugacy classes in G(L) (cf. [17] ). We have constructed a mapping ξ p : S(F q ) → B(G Qp ), x → δ. The fibres of the map ξ p are the Newton strata of S p . The basic stratum is one particular Newton stratum, it is defined as follows. To any δ ∈ G(L), one may attach a slope morphism ν δ [17, 4.2] . Let D be the diagonalizable protorus over Q p whose character group is Q. Then ν δ is a morphism D → G Qp . The element δ is called basic if ν δ has image inside the center of G Qp . The image of ξ p in B(G Qp ) is finite and it contains exactly one basic element b (nowadays, the image Im(ξ p ) is known by [33] ). The subset ξ −1 p (b) ⊂ S(F q ) is closed for the Zariski topology, and one equips it with the reduced subscheme structure to make it into a scheme: This is the basic stratum B ⊂ S p . The variety B is defined over F q and projective, but not smooth: In general one expects that it has many singularities. In this article we will work in the case where B is assumed to be finite, in that case B is smooth.
In fact, among the set of all Kottwitz varieties, it is rarely true that B is finite. However, the class of Kottwitz varieties with finite basic stratum is still quite interesting: It contains all the varieties considered by Harris and Taylor to prove the local Langlands conjecture in their book [13] . The condition that B is finite corresponds to a condition on the signatures of the unitary group at infinity and the decomposition of the prime number p in the field F + . More explicitly, let U ⊂ G be the subgroup of elements with trivial factor of similitudes. Then U (R) is isomorphic to a product of real, standard unitary groups U (s v , n − s v ), where v ranges over the infinite F + -places. We may, and do, assume that s v ≤ 1 2 n. The field F + is embedded into Q ⊂ C and also in Q p , and therefore the group Gal(Q p /Q p ) acts on the set of infinite F + -places. 
Proof. This follows (for example) from [22, §4.3] .
From this point onwards we assume that the conditions (i ) and (ii ) in the Lemma above are satisfied for our Shimura datum (G, X). Via the embeddings Q ⊃ F + ⊂ Q p , any F + -place ℘ above p defines a Gal(Q p /Q p )-orbit of embeddings F + ֒→ Q. We define numbers s ℘ by s ℘ := v∈℘ s v for each ℘|p. Due to our assumption that (i ) and (ii ) hold we have s ℘ ∈ {0, 1} for each ℘.
Let A be the free complex vector space on the set B(F q ). Let H(G(A f )) be the convolution algebra of compactly supported complex valued functions on G( 
where the sign ε equals (−1) t(n−1) with t the number of infinite F + -places v such that p v = 1. "Steinberg type" means the following (cf.
, where the product ranges over the F + -places ℘ dividing p. Any representation π p of G(Q p ) thus breaks up into a tensor product π p ∼ = ⊗ ℘ π ℘ of representations π ℘ of the groups GL n (F + ℘ ). A smooth representation π p of G(Q p ) is of Steinberg type if, (1) The factor of similitudes Q × p of G(Q p ) acts through an unramified character on the space of π p , and (2) For all F + -places ℘ above p, the representation π ℘ of GL n (F + ℘ ), is a generic unramified representation if s ℘ = 0 or (B) the twist of the Steinberg representation by an unramified characters if s ℘ = 0.
Remark. The module A is semi-simple as H(G(A p f ))-module because all its irreducible subquotients lie in the discrete spectrum of G.
We will use the result in Equation (1.1) to deduce an equidistribution statement of Hecke operators acting on the basic stratum B(F q ).
Hecke operators
There is an important additional condition on the sequence {T m } m∈N , before we can prove equidistribution. We define deg(T m ) := Tr(T m , 1). We define a number N (T m ) ∈ R ≥0 , as follows. Let ℓ be a prime number coprime to S. Let T m,ℓ be the ℓ-th component of T m . Let T ℓ be a maximal split torus in G Q ℓ with rational Weyl group W ℓ , and let ν∈X * (
We require on the sequence T m that
(cf. Equation (4.1)). In Section 5 we give an example of a sequence of Hecke operators satisfying conditions (H1), (H2) and (H3). We define the Hecke algebra T ⊂ C ∞ c (G(A f )) to be the complex algebra generated by the operators T m . The algebra T is commutative.
Hecke orbits
The Hecke algebra T does not act transitively on the basic stratum; there are two innocent obstructions: (1) an obstruction from the cocenter of the group G, and (2) the Hasse invariant Ker 1 (G, Q), which need not be trivial. Since the action of T on B(F q ) is not transitive, the set B(F q ) breaks up into orbits. In this section we define explicitly certain orbits inside B(F q ). We will then show in our main theorem that the algebra T acts transitively and with equidistribution on these explicitly defined orbits. The obstructions (1) and (2) are what one expects: For the first obstruction (1): If the image of K ⊂ G(A f ) in the cocenter C(A f ) is not sufficiently large (and this will always be the case for many C, due to the presence of Abelian class groups), then the double coset space G(Q)\(X × G(A f )/K) is not connected. A point in one connected component will be sent by a Hecke operator to another connected component only if this operator is non-trivial on the cocenter. The second obstruction (2) is there because S(C) is not equal to the double coset space G(Q)\(X × G(A f )/K). To explain this, we need a little more notation: We write Sh(G, K) for the variety associated to the Shimura datum (G, X) (and the group K), as defined by Deligne in his Corvallis article [11] . Thus,
Then S(C) is the disjoint union
ranging over a set of representatives of the set of isomorphism classes of Q-reductive groups G ′ , such that G and G ′ are isomorphic locally at all places. The latter index set is equal to the kernel Ker 1 (G : Q).
The group Ker 1 (G : Q) group depends only on the cocenter of G, and is trivial in case n is even [20, p. 393] . The Hecke correspondences act on the right hand side via their natural action on the double coset spaces. Thus all points in a Hecke orbit will have the same invariant in Ker 1 (G : Q).
Let d : G ։ C be the cocenter of the group G. We have the morphism h from Deligne's torus S := Res C/R G m to G R . By composing this morphism with d ⊗ R we obtain a morphism h ′ : S → C R . The couple (C, {h ′ }) is a zero dimensional Shimura datum. The finite Shimura variety Sh(C, {h ′ }, d(K)) parametrizes the connected components of the original variety [11, §2.6] , i.e. the natural morphism
is an isomorphism. Via this mapping, the action of the Hecke operator f ∈ H(G(A f )) on the left hand side coincides with the action of the operator Ψ(f ) in H(C(A f )) on the right hand side. Here the map Ψ : H(G(A f )) → H(C(A f )) is characterized by the condition that, for all c ∈ C(A f ), and for all f ∈ H(G(A f )) we have:
where the Haar measure on G der (A f ) is the one giving the group K ∩ G der (A f ) volume 1. The mapping in Equation (3.2) is Aut(C/E)-equivariant and descents to an isomorphism of E-schemes π 0 (Sh(G :
The variety S is an union of # Ker 1 (G, Q) copies of the variety Sh(G : K) [20, §6] . We obtain an E-isomorphism
Both sides are finiteétale E-schemes and the Gal(Q/E)-action is unramified at p. Locally at the prime p we have a natural model of S over the ring of integers O Ep , and we construct a model of the right hand side in the straightforward manner: Take the ring of global sections W of the scheme Ker 1 (G,Q) Sh(C : d(K)) Ep . Then W is a Q p -algebra; let W • ⊂ W be the integral closure of Z p in W . Then Spec(W • ) is our integral model. We write Y = Spec(W • ) and view it as a as scheme over O E,p . We reduce the map in Equation (3.4) modulo p and compose with B ⊂ S p ։ π 0 (S p ) to obtain the map ψ : B → Y . Let Avg : A → A be the mapping taking the 'average' of an element v ∈ A along the fibres of the mapping ψ : B → Y . More precisely, Avg is defined as follows. For each point y ∈ Y we have the fibre B y of ψ above y. Define A y to be the free complex vector space on the set B y (F q ). Then A is the direct sum of the A y with y ranging over the set Y (F q ). For each y ∈ Y we have the map (of vector spaces):
Take the direct sum of Avg v over all y ∈ Y to obtain the endomorphism Avg : A → A. We will prove that any element v ∈ A converges to its average Avg(v) under the action of the sequence of Hecke operators T m ∈ T . The complex vector space A is finite dimensional and therefore carries a norm | · |, uniquely defined up to equivalence of norms. Using this norm we may give the statement of the main theorem:
be a sequence of Hecke operators satisfying conditions (H1) and (H2).
Let v ∈ A be an element. There exists a constant C ∈ R >0 such that for any ε > 0 there exist a natural number M such that for all m > M we have
Proof. In Section 4 we prove Theorem 3. p not dividing N ) . The operator T p acts on the complex valued functions f on S N by multiplication: T p · f := (x → f (px)). Clearly, the limit lim p→∞ T p (f ) does not exist in general, only if one imposes a condition like p ≡ 1 mod N .
Thus, returning to our original Shimura datum and our original sequence T m , one can do two things to get equidistribution in the strict sense:
• Restrict the sequence of Hecke operators to range only over those T m acting trivially on the cocenter (i.e. Ψ(T m ) acts by multiplication with deg(T m )), yielding certain congruence conditions on the numbers m; • Restrict the space of vectors v ∈ V , and consider only those v such that the Hecke algebra acts by multiplication with its degree on Avg(v).
We choose to keep the slightly more complicated statement of convergence involving several limit points.
Equidistribution for Kottwitz varieties
We prove Theorem 3.1.
Definition 4.1. The character formula for A in Equation (1.1) expresses A as a sum of Hecke modules of the form (π p f ) K p . We define A 0 ⊂ A to be the T -submodule generated by the submodules (π
The following proposition proves the essential part of Theorem 3.1:
) be a sequence of Hecke operators satisfying conditions (H1) and (H2). There exists a constant C ∈ R >0 such that for all natural numbers m we have
Proof. Of course, by multiplying with the degree, it suffices to show that |T m (v)| ≤ C|N (T m )| (for some constant C, not necessarily the same constant as in the Theorem). By our Theorem in Equation (1.1) it suffices to prove this inequality for each vector v ∈ π K f in each automorphic representation π contributing to the character formula of A 0 . Let π be one of these cuspidal automorphic representations. We base change π to an automorphic representation BC(π) of K × × D × , viewed as an algebraic group over Q. Since our group is associated to a division algebra, we are using a very classical form of base change. More precisely, D is a division algebra and therefore the second condition in Theorem A.3.1(b) of the Clozel-Labesse appendix of [24] is satisfied (alternatively, see [13, §VI.2] ). Currently results exist for more general unitary groups of similitudes, the article [31, Thm. 1.1] proves base change for all the unitary groups of similitudes that we consider in the later sections (those groups are not necessarily anisotropic modulo the center). Next we apply the Jacquet-Langlands correspondence to send BC(π) to an automorphic representation Π := JL(BC(π)) of the Q-group
The first reference where the Jacquet-Langlands correspondence is proved for division algebras, is in the work of Vigneras [32] . Harris and Taylor also give a proof for division algebras in their book [13, §VI.1]. Finally Badulescu treats in the article [3, Thm. 4.2(a)] the general linear groups over division algebras. The automorphic representation Π is discrete. Both base change and Jacquet-Langlands have local variants at all the prime numbers and the places at infinity. Furthermore global base change (resp. JacquetLanglands transfer) is compatible with local base change (resp. Jacquet-Langlands transfer). At the prime p we have
and, by local-global compatibility, Π p is isomorphic to π p ⊗ π p . The representation π p is essentially square integrable because it is an unramified twist of the Steinberg representation, and therefore Π p also has this property. The representation Π is then forced to be cuspidal by the classification of Moeglin-Waldspurger of the discrete spectrum [27] . Because Π is cuspidal the Ramanujan conjecture applies to it. This conjecture is true for Π because Π is obtained by base change and Jacquet-Langlands from an automorphic representation π of an unitary group (of similitudes), implying that Π is conjugate self-dual. Furthermore, Π is cohomological because Tr(f ∞ , π ∞ ) = 0. For such representations Π the Ramanujan conjecture is proved to be true in the articles [5, 7, 30] . Consequently the components Π λ are tempered GL n (F λ )-representations for all primes λ of F . Let ℓ be a prime not lying in S. Then Π ℓ is the base change of π ℓ . We know that Π ℓ is unramified and tempered, and we know that π ℓ is unramified as well. Therefore, π ℓ must be a tempered representation of G(Q ℓ ). The representation π ℓ is tempered, and therefore the absolute values of the eigenvalues of its Hecke matrix ϕ π ℓ are all equal to 1.
be the Satake transform of T m,ℓ . Because ϕ π ℓ is tempered we have
Take the product over all ℓ to get the estimate of the proposition. 
A typical example
We give two typical examples of sequences of Hecke operators for which one can prove equidistribution. Second example. We define an explicit sequence of Hecke operators T r,m ∈ H(G(A f )), where m ranges over the square free integers, and r ranges over the integers 1 ≤ r ≤ n − 1. Consider the Q-group
Let S be a finite set of finite, rational primes, such that:
(1) for all primes ℓ not lying in S, the group G + (Q ℓ ) is a product of general linear groups over finite, unramified extensions of Q ℓ ; (2) K splits into a product K = K S K S , where K S is a subgroup of G(A f,S ) and K S is a subgroup of G(A S f ); (3) the prime p lies in S; (4) the group K S is hyperspecial.
Let G + be the Q-group K × × GL n (F ). Then G + is an inner form of G + , and we have G + (Q ℓ ) ∼ = G + (Q ℓ ) for all primes ℓ not in S. The group G + has an obvious model over Z, and thus we have the hyperspecial subgroup G + ( Z) ⊂ G + (A f ). Let m and r be integers, where we have 0 ≤ r ≤ n (no condition on m). Then, by definition, the operator T + r,m is defined to be the characteristic function:
where we should clarify the notation. We have
K is the factor of similitudes. With (1) × diag(. . .), we mean an element of G + ( Z) that has trivial factor of similitudes, and diag(. . .) describes a diagonal matrix in the general linear group over O F .
Because the group
r,m lives also in the algebra H(G + (A S f )). We have the base change morphism
We define the operator T S r,m to be BC(T +S r,m ), and we define
We now verify that lim m,r→∞ T r,m → 0. Because we have an explicit sequence, one can give explicit bounds: 
Before proving Proposition 5.1, we first prove two lemmas.
Lemma 5.2. There exists a constant C ∈ R >0 such that for all square-free integers m > M and all integers r with 1 ≤ r ≤ n − 1 we have
Notation. Let m be a positive integer, unramified in F . In the lemma above we wrote c F (m) for the number of O F -prime ideals λ containing the number m. Clearly, Proposition 5.1 follows once the two lemmas have been established. Let us now prove the two lemmas.
Proof of Lemma 5.2. Let ℓ be a prime divisor of m. Because m is square free, the prime ℓ divides m precisely once, and the ℓ-th part of the function T + r,m equals
The element (1) × diag(ℓ, ℓ, . . . , ℓ, 1, 1, . . . , 1) ∈ G + (Q ℓ ) is the evaluation at ℓ of a miniscule cocharacter µ r ∈ X * (G + ). The field F is unramified above ℓ, and therefore ℓ is a prime element of the local field F λ for every F -place λ dividing ℓ. Because µ r is miniscule there is a simple formula for the Satake transform of T 
in the algebra
where
is the diagonal torus. We specify that the big tensor product in these equations ranges over all the F -places λ lying above ℓ, and for such an F -place λ, we write q λ for the cardinality of the residue field at λ.
Note that, up to constant (which we ignore), the degree deg(T r,m,ℓ ) equals deg(T 
at the Hecke matrix of the trivial representation of GL n (F λ ), then the largest appearing monomial is q . Hence the following lower bound:
here C Sat is a certain constant. We have
The lemma follows by combining Equations (5.6) and (5.7).
We prove Lemma 5.3 only for F = Q; we leave it to the reader to reduce to this case, or to extend the argument below. 
Endoscopic unitary Shimura varieties
We extend Thm. 3.13 from our article [21] to a larger class of endoscopic unitary Shimura varieties satisfying a technical simplifying condition (Hypothesis 6.1). We prove later that this condition is satisfied for unitary Shimura varieties whose basic stratum is finite. We consider a Shimura variety of PEL-type, of type A, as considered by Kottwitz in his article [20] . We assume fixed a PEL-datum consisting of (A1) A simple algebra T over a CM field F ; (A2) A positive involution on the algebra T inducing complex conjugation on F ; (A3) A Hermitian T -module (V, ·, · ), where ·, · is symplectic; (A4) h : C → End Y (V ) R is a morphism of R-algebras such that h(z) = h(z) * for all z ∈ C, and the symmetric bilinear form V R ⊗ V R → R, (x, y) → x, h(i)y is positive definite.
Let (G, X) be the Shimura datum associated to (A1), (A2), (A3) and the morphism h −1 . We assume that F is of the form KF + , with K/Q a quadratic imaginary extension of Q and F + a totally real extension of Q. Then the group G K is isomorphic to a product of (Weilrestriction of scalars of) general linear groups. We let p be a prime of good reduction in the sense of Kottwitz [20, §5] and we assume that p splits in K/Q. We write E for the reflex field of the Shimura datum. Furthermore we let K ⊂ G(A f ) be a compact open subgroup of the form K = K p K p , with K p ⊂ G(Q p ) hyperspecial and K p ⊂ G(A p f ) sufficiently small so that the PEL-type moduli problem of level K is defined over O E ⊗ Z (p) and the variety S = S K representing this moduli problem is smooth and quasi-projective. Pick an E-prime p above p and let B be the basic stratum of the variety S p , where F q is the residue field of O E at p. We pick an embedding of Q → Q p extending the embedding of E into Q p defined by p. We fix once and for all an embedding of F into C, and Q will always mean the algebraic closure of Q in C. The field F q is the residue field of Q p and the field F q is the residue field of E at p. Because we have the embeddings F + ⊂ Q ⊂ Q p , the Galois group Gal(Q p /Q p ) acts on the set of infinite F + -places V (F + ) and we may identify any ℘|p with a Galois orbit V (℘) of infinite places. Let U ⊂ G be the subgroup of elements with trivial factor of similitudes. Then U (R) is a product of standard real groups: U (R) = v∈V (F + ) U (s v , n − s v ) for certain numbers s v . We assume that s v ≤ 1 2 n so that these numbers are well defined. For each F + -place ℘ above p we define s ℘ := v∈℘ s v (see also §1). The additional technical condition is the following: Hypothesis 6.1. There exists an F + -prime ℘ such that the number s ℘ is coprime to n. 
